In a warped 6D world with an extra 2-dimensional sphere, we propose an exactly solvable model for fermion masses with zero mode. The warp factor is given by φ(θ, ϕ) = sin θ cos ϕ, which is a solution to the 6D Einstein equation with the bulk cosmological constant Λ and the energymomentum tensor of the bulk matter fields. Our model provides another possibility of obtaining fermion zero mode, rather than traditional model based on Dirac's monopole.
I. INTRODUCTION
The 6-dimensional space is particularly interested in unified theories in higher-dimensions. The extra 2-dimensional compact space generates some useful gauge symmetries for various fields [1] - [4] .
In this article we specially confine ourselves to the problem of fermionic masses when the extra 2-dimensional surface is a sphere. In this case we encounter a serious theorem that there is no zero mode in a 4-dimensional fermionic field [5, 6] . This theorem can be generalized to any internal space with a positive curvature. Since it is desirable that we have a zero mode in unified theories at least at the first symmetric stage, this theorem is unwelcome. To overcome this difficulty it has been considered to introduce a gauge field. When the gauge field has Diracfs monopole, we get the zero mode of fermionic fields [7] .
As another possibility of obtaining fermion zero mode, we propose an exactly solvable model in the warped 6D world with the extra 2-dimensional sphere. The line element of this model is
where the 4-dimensional metric, η µν , has the signature (+,-,-,-), and the extra 2-dimensional surface is a sphere with a constant radius a and the two spherical angles x 5 = θ and x 6 = ϕ. In the following we assume a << 1, in order to make KK modes negligible in the present-time energy scale. The warp factor is given by φ(θ, ϕ) = sin θ cos ϕ, (1.2) which is a solution to Einstein's equation with the bulk cosmological constant Λ and the energymomentum tensor of the bulk matter fields. We solve the 6D Dirac equation with a 6D zero-mass in this 6D warped background (1.1). We then find a 4-dimensional fermion mass formula and also a zero mode solution. In Sec.II the warp factor (1.2) is derived. In Sec.III the Dirac equation in 6D warped background is introduced. In Sec.IV the Dirac equation is solved in the method of separable variables to obtain the 4D fermion mass formula. The final section is devoted to concluding remarks. The Appendix is prepared for constraints coming from the back reaction of the fermion.
II. THE WARP FACTOR
The action of the gravitational system in six dimensions can be written as
where κ 2 6 = 8πG N is the six dimensional Newton constant and Λ is the bulk cosmological constant. When we have a stress-energy tensor T AB in the bulk, Einstein equations become
Capital Latin indices run over A, B, · · · = 0, 1, 2, 3, 5, 6. We look for solutions of Eq.(2.2) with the ansatz for the stress-energy tensor of the bulk matter fields [1] [8] :
3)
The results are obtained in the following: From Eq.(2.2) we have four equations as 
For such a solution that φ(θ, ϕ) = Θ(θ)Φ(ϕ) takes a maximum value 1 at θ = π/2 and ϕ = 0, the last equation is immediately solved as
Substituting the result into the other three equations above, we get
To sum up we have φ(θ, ϕ) = sin θ cos ϕ , (2.10)
III. THE 6D DIRAC EQUATION
We now consider the 6-dimensional massless Dirac equation with the metric (1.1):
where D A denote covariant derivatives, ΓĀ the 6-dimensional flat gamma matrices and bĀ A the sechsbein through the definition
whereĀ,B, · · · are local Lorentz indices. In six dimensions a spinor
has eight components and is equivalent to a pair of 4-dimensional Dirac spinors, ψ and ξ. We use the following representation of the flat (8 × 8) gamma-matrices
where τ i 's are Pauli matrices. In the following for simplicity we drop the bars of γ matrices when no confusion will occur, i.e., γμ = γ µ , and
with ηĀB = (+1, −1, −1, −1, −1, −1). The sechsbein for our background metric (1.1) is given by
From the definition of standard spin-connections the non-vanishing components for them can be found
The Dirac equation (3.1) then reduces to
If we put
it follows that
Define the operator∇ by∇
then Eq.(3.10) can be rewritten as
Let us expandΨ(x µ , θ, ϕ) into eigenfunctions of the chiral operator γ 5 as follows:
where
. If we use the Dirac equation with mass m in 4-dimensions,
or equivalently
it follows that∇
These equations reduce to
Here it should be noted that there is no zero mode (m = 0) for the 4D Dirac field ψ(x µ ), when φ ≡ 1. This is because the Dirac operator∇ is just the Dirac operator on the sphere, its eigenvalues are known to be non-zero
. Here g λ (θ, ϕ) is the spinor on the sphere. However, this is not always clear in the case of the 6D warped space. In the next section we would like to see how to fix the fermion mass.
IV. FERMION ON THE EXTRA 2D SPHERE A. A finite mass formula in 4-dimension
First we consider a case of m = 0, where m is the fermion mass in 4D. The zero mode solution will be considered in the separate subsection B.
We would like to solve Eqs.(3.17), i.e.,
This is a separable type of variables, so that we put
Then we have
and
where C ± is an arbitrary constant. The first equation (4.3) can be solved generally as
Here a normalization factor is absorbed into u ± and v ± . From coupled equations (4.4) and (4.5) we have equations of the Schrodinger type,
v ± (ϕ) are obtained by substituting the solutions u ± (ϕ) into Eq. (4.4). If we put
The equations (4.7) reduce to
In order that the wave functions u ± (ϕ) are periodic functions of ϕ on the sphere, C ± should take integer or half-integer values. If we introduce a variable z defined by
The equations (4.9) reduce to
Here we have dropped suffices ±. The general solution to Eq.(4.11) is given by Gauss's hypergeometric function F (α, β, γ; z) with arbitrary constants A h and B h
We then consider the conserved current of fermion,
14)
which satisfies the continuity equation
In order that the total charge is time-independent, we should require the boundary conditions, which are derived from the integral of Eq. (4.15) over some region V
This equation reduces to Explicitly each current is given bỹ
with α ± = tan C± θ/2, we get C ± = 0 from the boundary conditions (4.19), that is, α ± (θ) = 1. Hence f ± become independent of θ, so that we have ∂ θJ θ = 0. Since the 4d current conserves, i.e., ∂ µJ µ = 0, from the 4d Dirac equation, the ϕ current turns out to be conserved by itself, i.e., ∂ ϕJ ϕ = 0. This will be discussed later. The equation (4.7) with C ± = 0 then becomes
Introducing a variable
where ε is infinitesimally small positive quantity, Eq.(4.25) reduces to
with a general solution
From Eq. (4.4) with C ± = 0, we have a useful formula between u ± and v ± as
The same equations (4.27) and (4.28) are also obtained from Eqs.(4.11) and (4.12) when C ± = 0.
We are now considering a region for θ − ϕ space by introducing positive small parameters ε and η
The parameter ε corresponds with the fact that the fermion wave function cannot be well defined at ϕ = ±π/2. So we consider nearby points ϕ = ±(π/2 − ε). As will be shown later, the parameters ε and η receive a quick response from the fermion back reaction. They will be fixed to be extremely small non-zero quantities, so that, in the regions above, the back reaction from the fermion can be neglected. We regard the other side of ϕ, i.e., π/2 ≤ ϕ ≤ 3π/2, to be a copy of the region −π/2 ≤ ϕ ≤ π/2. Let us then derive the 4D mass formula of fermion. This is nothing but the bound state problem for wave functions f ± (θ, ϕ), which are now independent of θ and thereby given by
Since u ± (ϕ) satisfy the 2nd order differential equations (4.25) or (4.27), we require boundary conditions for u ± (ϕ) as
It is not necessary to impose further boundary conditions upon the other component v ± , because v ± can be expressed by u ± through the formula Eqs.(4.29). Substituting u ± = A ± exp (ikw) + B ± exp (−ikw) into Eqs.(4.32) and using the odd function property w(−ϕ) = −w(ϕ) = ln ε, we have
ikw + B ± e −ikw = 0 , (4.33)
Hence we get
where w = − ln ε, k = ma and n = 1, 2, · · · , that is,
The same mass formula as above can also be obtained by another type of boundary conditions
more generally, by any linear combination between them, i. e.,
However, we should discard a type of f + | ϕ1,ϕ2 = 0 (or f − | ϕ1,ϕ2 = 0). This gives the same mass formula as above, but we are led to a meaningless result A ± = B ± = 0 from the constraints H = 0 (4.47) below. The parameters ε and η are given by
where a is the radius of internal 2D sphere with a parameter a 0 made ε, η dimensionless. These inequalities come from the inequality
AB is the bulk energy-momentum tensor given by Eq.(2.11), while T
(f )
AB is the fermion energy-momentum tensor. If the above inequality holds, the back reaction from the fermion may be neglected. The detail will be discussed in the Appendix.
Substituting ε = (a/a 0 ) 1/3 into Eq.(4.36) we get the 4D fermion mass formula for non zero-mode
where l takes positive integral or half-odd integral values. This formula is nothing but for the KK modes. However, as seen in the Appendix the fermion mass formula will be invalid for so large values l, because it is approaching to the 6D Planck mass. Finally let us discuss the ϕ current conservation ∂ ϕJ ϕ = 0 by itself. Not that
Here we have dropped the θ factor because of |α(θ)| 2 = 1. We can use the formulas (4.29) and u ± = A ± exp (ikw) + B ± exp (−ikw) to get
The current J ϕ , therefore, reduces tõ
where We can put m = 0 in Eqs.(3.16) to lead equationŝ
Separating variables by
we get
General solutions to these equations are
54)
where P ± and Q ± are some constants. Substituting these solutions into the current boundary conditions (4.19) we get again C ± = 0. Then the wave functions f ± (θ, ϕ) become constants, satisfying the boundary conditions (4.20) automatically.
To sum up, we have the zero mode constant solution ( m = 0)
where P ± and Q ± are some constants, subjecting to normalizations (regions of variables are given by Eqs. (4.30) ).
V. CONCLUDING REMARKS
In the 6D warped world with the extra 2D surface of a sphere, we have proposed an exactly solvable model. We have derived the finite mass formula for 4D fermion (4.41), with the zero mode (m = 0) solution (4.56).
The warp factor is given φ(θ, ϕ) = sin θ cos ϕ, which is a solution to Einstein's equation with the bulk cosmological constant Λ and the energy-momentum tensor (2.3) of the bulk matter fields. Hence our metric has zeros of the warp factor at ϕ = ±π/2 and θ = 0, π. The internal wave functions then cannot be well defined at these zero points ϕ = ±π/2. Therefore, we have put boundary conditions (4.19), (4.20) and also (4.32) not at ϕ = ±π/2, but at nearby points ϕ = ±(π/2 − ε).
The mass formulas have been obtained from such modified boundary conditions with parameters ε and η, which are fixed from the requirement that the back reaction of the fermion should be neglected. Namely, in the regions
the back reaction of the fermion should be neglected. These parameters are given by ε = (a/a 0 )
and η = (a/a 0 ) 1/4 , where a is the radius of the extra 2D sphere. The internal function has a form of u = e iCϕ h. When C is real and takes half-integer values, u is 4π-periodic, regarded as a spinor on the sphere. However, this possibility fails, C eventually becomes zero from the condition (4.19). The internal function u cannot be the 4π-periodic spinor on the sphere, but the function ψ(x) is the spinor in the four-dimensional space [1] .
The normalization integral for non-zero mode wave functions is given by
.
Since H = 0 according to the constraint (4.47), then the integral is convergent.
Our model provides another possibility of obtaining fermion zero mode, rather than traditional model based on Dirac's monopole. 
Then from the inequality (4.40) we are enough to check only for diagonal parts 3Λ 10 >> 1 |2φ 3 sin θ| |tμμ| ,
which reduces to | sin 4 θ cos 3 ϕ| >> 5 3Λ |tμμ| .
Since the 4D energy-momentum tensor elementt µµ may be extremely smaller than the 6D Planck mass, i.e.
where we introduce a free parameter a 0 with the dimension of the radius a in order to have the same dimension on the left and right sides of Eq.(A6 
For another component we have
From Eq.(4.3) with C ± = 0, we have
